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Abstract
A multiplicity result for an eigenvalue Dirichlet problem involving the p-Laplacian with dis-
continuous nonlinearities is obtained. The proof is based on a three critical points theorem for
nondifferentiable functionals.
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1. Introduction
In these latest years the study of nonlinear partial differential equations with discontin-
uous nonlinearities increased because it arises in physical problems, as nonlinear elasticity
theory or mechanics, and engineering topics. In this direction, concrete applications can
be found in the books of P.D. Panagiotopoulos [12] and D. Motreanu and P.D. Pana-
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in some reaction–diffusion problems as well as in flow through porous media (see, for in-
stance, [9] and references therein). To this end, eigenvalue Dirichlet problems involving
the p-Laplacian with discontinuous nonlinearities were studied by several authors (see, for
instance, [7–9] and references therein). In particular, in [8], S. Hu et al. established the
existence of two solutions for one of this type of problems.
The aim of the present paper is to establish a three solutions theorem for the Dirichlet
problem involving the p-Laplacian with highly discontinuous nonlinearities (see Theo-
rem 3.1) by using a consequence (see Theorem 2.1) of the three critical points theorem
established by S.A. Marano and D. Motreanu in [10], which is a nonsmooth version of
B. Ricceri’s three critical points theorem (see [13]).
It is worth to point out that, while the solutions in [8] are multivalued solutions, that
are solutions for the corresponding differential inclusion obtained by filling the gaps at the
discontinuity points of the function, the solutions guarantee from our main result, owing to
a classical lemma in [6] of E. De Giorgi et al., are actually weak solutions. Moreover, we
emphasize that the key assumption of Theorem 3.1 of [8] is not requested (see Remark 3.2
and Example 3.1). Finally, we also observe that the set of discontinuity points may be also
uncountable, as Example 3.2 shows.
We also note that our result extends to discontinuous functions the result in [4] and, in
addition, an upper bound of the interval of the eigenvalues is established.
The present paper is arranged as follows. In Section 2 we recall some basic definitions
and preliminary results, while Section 3 is devoted to multiplicity results for an eigenvalue
Dirichlet problem involving the p-Laplacian with discontinuous nonlinearities.
2. Basic definitions and preliminary results
Let (X,‖ · ‖) be a real Banach space. We denote by X∗ the dual space of X, while 〈· , ·〉
stands for the duality pairing between X∗ and X. A function Φ :X → R is called locally
Lipschitz when to every u ∈ X there correspond a neighborhood U of u and a constant
L 0 such that∣∣Φ(v)−Φ(w)∣∣ L‖v −w‖ for all v,w ∈ U.
If u,v ∈ X, the symbol Φ0(u;v) indicates the generalized directional derivative of Φ at
the point u along the direction v, namely
Φ0(u;v) := lim sup
w→u, t→0+
Φ(w + tv)−Φ(w)
t
.
The generalized gradient of the functional Φ at u, denoted by ∂Φ(u), is the set
∂Φ(u) := {u∗ ∈ X∗: 〈u∗, v〉Φ0(u;v) for all v ∈ X}.
A point u ∈ X is said a critical point of Φ if
0 ∈ ∂Φ(u),
namely if one has
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We say that a locally Lipschitz function Φ satisfies the Palais–Smale condition (PS) if
any sequence {un} such that Φ(un) → c, c ∈ R, and Φ0(un;v − un)  −εn‖v − un‖ for
all v ∈ X, where εn → 0+, possesses a convergent subsequence.
Our results are based on the following three critical points theorem for nondifferentiable
functions, which is a consequence of Theorem 3.1 of [10] and Proposition 1.3 of [2].
Theorem 2.1 (See [3, Theorem 2.1]). Let X be a separable and reflexive real Banach
space, and let Φ,J :X → R be two locally Lipschitz functions. Assume that there exists
u0 ∈ X such that Φ(u0) = J (u0) = 0 and Φ(u) 0 for every u ∈ X, and that there exist
u1 ∈ X and r > 0 such that
(i) r < Φ(u1);
(ii) sup
Φ(u)<r
J (u) < r
J (u1)
Φ(u1)
.
Further, assume that the function Φ − λJ is sequentially weakly lower semicontinuous,
satisfies (PS) and
(iii) lim‖u‖→+∞
(
Φ(u)− λJ (u))= +∞
for every λ ∈ [0, a¯], where
a¯ = hr
r
J (u1)
Φ(u)
− supΦ(u)<r J (u)
, with h > 1.
Then, there exist an open interval Λ1 ⊆ [0, a¯] and a positive real number σ such that, for
every λ ∈ Λ1, the function Φ − λJ admits at least three critical points whose norms are
less than σ .
Given a function l: R → R we denote Dl the set
Dl = {z ∈ R: l is discontinuous at z}.
We recall that l is said continuous almost everywhere if Dl is (Lebesgue) measurable and
m(Dl) = 0. Moreover, if l is locally essentially bounded, we write
l−(t) := lim
δ→0+
ess inf|t−z|<δ l(z), l
+(t) := lim
δ→0+
ess sup
|t−z|<δ
l(z)
for each t ∈ R. It is a simpler matter to see that l− and l+ are, respectively, lower semicon-
tinuous and upper semicontinuous.
Here and in the sequel Ω is a nonempty bounded open subset of the real Euclidean space
R
N
, with a smooth boundary ∂Ω , and W 1,p0 (Ω) is the closure of C
∞
0 (Ω) with respect to
the norm
‖u‖ =
(∫ ∣∣∇u(x)∣∣p dx
)1/p
.Ω
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k := sup
{
maxx∈Ω¯ |u(x)|
‖u‖ : u ∈ W
1,p
0 (Ω), u 
= 0
}
.
Since p >N , one has k < +∞. In addition, it is known [14, formula (6b)] that
k  N
−1/p
√
π
[
Γ
(
1 + N
2
)]1/N(
p − 1
p −N
)1−1/p[
m(Ω)
]1/N−1/p
,
where Γ denotes the gamma function and m(Ω) is the Lebesgue measure of Ω , and equal-
ity occurs when Ω is a ball.
As usual, a weak solution of the problem{−∆pu = λf (u) in Ω,
u = 0 on ∂Ω, (Pλ)
where ∆p = div(|∇u|p−2∇u) and λ is a positive real parameter, is any u ∈ W 1,p0 (Ω) such
that ∫
Ω
∣∣∇u(x)∣∣p−2∇u(x)∇v(x) dx = λ∫
Ω
f
(
u(x)
)
v(x) dx
for all v ∈ W 1,p0 (Ω).
Finally, put δ(x) = sup{δ ∈ R+: B(x, δ) ⊆ Ω} for all x ∈ Ω , and
D = sup
x∈Ω
δ(x).
Simple calculations show that there is x0 ∈ Ω such that B(x0,D) ⊆ Ω .
Moreover, put
K :=
[
2(p−N)(2N − 1)πN/2
D(p−N)Γ (1 +N/2)
]1/p
k,
R := π
N/2DN
Γ (1 +N/2)2N
(
1
K
)p 1
m(Ω)
= D
p
2p(2N − 1)
(
1
k
)p 1
m(Ω)
.
3. Main results
In this section, we present our main result that ensures the existence of an interval of real
parameters for which the Dirichlet problem involving the p-Laplacian with discontinuous
nonlinearities admits at least three weak solutions.
Here and in the sequel, we assume that f :R → R is a continuous almost everywhere
function, namely m(Df ) = 0, where Df = {z ∈ R: f is discontinuous at z}. Moreover, we
also assume that
(a) for each ρ > 0 there is a constant Mρ such that
sup
∣∣f (z)∣∣Mρ.
|z|ρ
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holds. Put F(s) := ∫ s0 f (t) dt for all s ∈ R and assume:
(h1) there exists s ∈ [0,p[ such that
F(ξ) a
(
1 + |ξ |s)
for every ξ ∈ R;
(h2) there exist two positive constants c, d , with c <Kd , such that
F(t) 0
for all t ∈ [0, d] and
sup|ξ |c F (t)
cp
< R
F(d)
dp
;
(h3) for all z ∈ Df the condition f−(z) 0 f+(z) implies f (z) = 0.
Then, for each h > 1
pkpm(Ω)
there are an open interval Λh ⊆ [0, λh], where
λh = h
R
F(d)
dp
− sup|ξ |c F (t)
cp
,
and a number σ such that, for each λ ∈ Λh, the problem (Pλ) possesses at least three weak
solutions in W 1,p0 (Ω) whose norms are less than σ .
Proof. Let X be the Sobolev space W 1,p0 (Ω) endowed with the norm
‖u‖ =
(∫
Ω
∣∣∇u(x)∣∣p dx
)1/p
.
For each u ∈ X, put Φ(u) := 1
p
‖u‖p and J (u) := ∫
Ω
F(u(x)) dx.
Our goal is to apply Theorem 2.1 to Φ and J . By standard results, the function Φ is
locally Lipschitz and weakly sequentially lower semicontinuous. Since f satisfies (a) and
X is compactly embedded in C(Ω¯), the assertion remains true regarding J too. Moreover,
from (h1) one has
lim‖u‖→+∞
(
Φ(u)− λJ (u))= +∞ (1)
for all λ > 0. Now, fixed λ > 0, we claim that the functional Φ − λJ satisfies (PS)-
condition. For this end, let {un} be a sequence in X such that Φ(un) − λJ (un) → c ∈ R
and (Φ − λJ )0(un;v − un)−εn‖v − un‖ for all v ∈ X, where εn → 0+. Due to (1) the
sequence {un} is bounded. Hence, taking a subsequence if necessary, un ⇀ u in X and
un → u in Lp(Ω). From the above expression, written with v = u, we infer
Φ ′(un)(u− un)+ λ(−J )0(un;u− un)−εn‖u− un‖
for all n ∈ N.
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Φ ′(un)(u− un) =
∫
Ω
[∣∣∇un(x)∣∣p−2∇un(x)∇(u(x)− un(x))]dx
=
∫
Ω
[∣∣∇un(x)∣∣p−2∇un(x)∇u(x)]dx − ‖un‖p
and, bearing in mind that
|a|p−1|b| p − 1
p
|a|p + |b|
p
p
for all a, b ∈ R,
one has
Φ ′(un)(u− un) ‖u‖
p
p
− ‖un‖
p
p
for each n ∈ N. So, we obtain
−εn‖u− un‖ + ‖un‖
p
p
 λ(−J )0(un;u− un)+ ‖u‖
p
p
.
From this, taking into account the upper semicontinuity of (−J )0 it actually results
lim sup
n→+∞
‖un‖ ‖u‖.
Thus, since X is uniformly convex, Proposition III.30 of [1] ensures that {un} converges to
u in X. Hence, our claim is proved.
At this point, it is enough to show Φ and J satisfy (i) and (ii) in Theorem 2.1.
Let x0 ∈ Ω be such that B(x0,D) ⊆ Ω . Put
u1(x) :=


0 if x ∈ Ω \B(x0,D),
2d
D
[
D −
√∑N
i=1(x1 − x0i )2
]
if x ∈ B(x0,D) \B(x0,D/2),
d if x ∈ B(x0,D/2),
and r := 1
p
( c
k
)p .
We have
Φ(u1) = 1
p
‖u1‖p = 1
p
∫
Ω
∣∣∇u1(x)∣∣p dx = 1
p
∫
B(x0,D)\B(x0,D/2)
(2d)p
Dp
dx
= 1
p
(2d)p
Dp
(
m
(
B(x0,D)
)−m(B(x0, D2
)))
= 1
p
(2d)p
Dp
πN/2
Γ (1 +N/2)
(
DN −
(
D
2
)N )
= 1
p
Kp
kp
dp.
Therefore, since c <Kd , we obtain r < Φ(u1), that is (i) of Theorem 2.1.
Now, taking into account that from the compact embedding of X in C(Ω¯) one has
maxx∈Ω¯ |u(x)| c for all u ∈ X such that Φ(u) < r , we obtain
sup J (u)m(Ω) sup F(ξ). (2)Φ(u)<r |ξ |c
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J (u1)
∫
B(x0,D/2)
F (d) dx = F(d) π
N/2
Γ (1 +N/2)
DN
2N
.
Hence, one has
r
J (u1)
Φ(u1)
 c
p
Kp
πN/2
Γ (1 +N/2)
DN
2N
F(d)
dp
= cpm(Ω)RF(d)
dp
. (3)
Therefore, from (2), (3) and (h2) the condition (iii) of Theorem 2.1 follows.
Hence, taking into account that
a¯  λh = h
R
F(d)
dp
− sup|ξ |c F (t)
cp
, with h >
1
pkpm(Ω)
,
owing to Theorem 2.1, there are an open interval Λh ⊆ [0, λh] and a number σ such that,
for each λ ∈ Λh, the function Φ − λJ admits at least three critical points whose norms are
less than σ .
Let ui ∈ X, i = 1,2,3, comply with (Φ −λJ )0(ui, v−ui) 0 for all v ∈ X, ‖ui‖ < σ .
In particular, one has
Φ ′(ui)(w)+ λ(−J )0(ui,w) 0 for all w ∈ X,
Φ ′(ui)(w)−λ(−J )0(ui,w) for all w ∈ X,∫
Ω
∆pui(x)w(x)dx = −
∫
Ω
∣∣∇ui(x)∣∣p−2∇ui(x)∇w(x)dx  λ(−J )0(ui,w)
for all w ∈ X,
that is ∆pui ∈ λ∂(−J )(ui). From a standard regularity result we obtain that ∆pui ∈
Lp/(p−1)(Ω) and, from [5, Theorem 2.1] we obtain
∆pui(x) ∈ λ
[
(−f )−(ui(x)), (−f )+(ui(x))] a.e. x ∈ Ω. (4)
Now, since m(Df ) = 0, from Lemma 1 of [6] we obtain ∆pui(x) = 0 for almost all
x ∈ u−1i (Df ). On the other hand, from (h3) we obtain −f (ui(x)) = 0 for all x ∈ u−1i (Df ).
That is
−∆pui(x) = 0 = f
(
ui(x)
)
for almost all x ∈ u−1i (Df ).
Finally, since at almost all x ∈ Ω \ u−1i (Df ) condition (4) reduces to
−∆pui(x) = f
(
ui(x)
)
,
the assertion follows. 
Remark 3.1. Theorem 3.1 extends Theorem 2.2 of [4] to discontinuous functions and, in
addition, establishes an upper bound for the interval Λh.A consequence of Theorem 3.1 is the following result.
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ous function. Assume that
(1) there exist two positive constants c and d , with c <Kd , such that
1
cp
c∫
0
f (t) dt < R
1
dp
d∫
0
f (t) dt;
(2) for all z ∈ Df such that f−(z) = 0 one has f (z) = 0.
Then, for each h > 1
pkpm(Ω)
there are an open interval Λh ⊆ [0, λh], where
λh = h
R 1
dp
∫ d
0 f (t) dt − 1cp
∫ c
0 f (t) dt
,
and a number σ such that, for each λ ∈ Λh, the problem (Pλ) possesses at least three weak
solutions in W 1,p0 (Ω) whose norms are less than σ .
Remark 3.2. Under suitable assumptions, Theorem 3.1 of [8] ensures the existence of
λ0 > 0 such that, for each λ > λ0, the problem (Pλ) admits at least two (multivalued)
nontrivial solutions. Its key assumption (see [8, (iii) of Theorem 3.1]) implies that
lim
z→0
|f (z)|
|z|p−1 < +∞. (5)
We explicitly observe that, in Theorem 3.1, the condition (5) is not requested, as Exam-
ple 3.1 shows.
Example 3.1. Put N = 3, p = 4 and Ω = {x ∈ RN : |x| < 1}. Clearly, one has m(Ω) = 43π ;
D = 1; k = ( 94π )1/4; K = (42)1/4; R = 1336 .
Let f1 :R → R be a function defined as follows:
f1(z) =
{
ez if z < 18,
0 if z 18.
The function f1 has only one discontinuity point at z0 = 18, where f1(z0) = 0. Hence,
assumption (2) of Theorem 3.2 is verified. Moreover, by choosing, for instance, c = 1 and
d = 18, simple calculations show that also assumption (1) holds. Therefore, Theorem 3.2
ensures that (fixed h > 112 ) there are an open interval Λ ⊆ [0, 712 ] and a positive number σ
such that for each λ ∈ Λ, the problem{−∆4u = λf1(u) in Ω,
u = 0 on ∂Ω, (P
′
λ)
possesses at least three nontrivial weak solutions in W 1,p0 (Ω) whose norms are less than σ .
Remark 3.3. We explicitly observe that, in Theorem 3.1, the set of discontinuity points
may be also uncountable as the following example shows.
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f2(z) =
{
1 if (z − 1) ∈ [0,1] \C,
0 otherwise,
where C is the “middle third set” of Cantor. Clearly, m(Df2) = m(1 +C) = 0 and for each
z ∈ Df2 one has f2(z) = 0. Moreover, it is easy to verify the assumption (2) by choosing,
for instance, c = 1 and d = 2. Therefore, Theorem 3.2 ensures that (fixed h > 2p
Rpkpm(Ω)
)
there are an open interval Λ ⊆ [0, h] and a positive number σ such that, for each λ ∈ Λ,
the problem{−∆pu = λf2(u) in Ω,
u = 0 on ∂Ω, (P
′′
λ)
possesses at least two nontrivial weak solutions in W 1,p0 (Ω) whose norms are less than σ .
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